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What a Switching Diffusion Process Like?

A “Sample Path” of a switching diffusion process (X(t),Λ(t)) can be illustrated

as follows:
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Regime-Switching Diffusions and Non-Lipschitz

Coefficients

In the past decade, much attention has been devoted to a class of hybrid
systems, namely, regime-switching diffusions.

A standing assumption is that the coefficients of the associated stochastic
differential equations are (locally) Lipschitz.

However, it is rather restrictive in many applications. For example, the
diffusion coefficients in the Feller branching diffusion and the
Cox-Ingersoll-Ross model are only Hölder continuous.

Motivated by these considerations, there has been much efforts devoted to
the study of stochastic differential equations with non-Lipschitz
coefficients.
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Regime-Switching Diffusions and Non-Lipschitz

Coefficients (cont’d)

While there are many works on diffusions and jump diffusions with
non-Lipschitz coefficients, the related research on regime-switching
jump diffusions is relatively scarce.

This work aims to investigate regime-switching jump diffusion
processes with non-Lipschitz coefficients.

Our purpose is two-fold:

(i) to establish the strong existence and uniqueness result;

(ii) to derive sufficient conditions for Feller and strong Feller
properties.
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Regime-Switching Jump Diffusions

Let (X,Λ) be a right continuous, strong Markov process with left-hand
limits on R

d × S, where S := {1, 2, . . . }.

The first component X satisfies

dX(t) = b(X(t),Λ(t))dt+σ(X(t),Λ(t))dW (t)

+

∫

U
c(X(t−),Λ(t−), u)Ñ (dt,du).

(1)

The second component Λ is a continuous-time random process taking
values in the countably infinite set S such that

P{Λ(t+∆) = l|Λ(t) = k,X(t) = x} =

{
qkl(x)∆ + o(∆), if k 6= l,

1 + qkk(x)∆ + o(∆), if k = l,

(2)
uniformly in R

d, provided ∆ ↓ 0.
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To define a Function

We first construct a family of disjoint intervals {∆ij(x) : i, j ∈ S} on the
positive half real line as follows

∆12(x) = [0, q12(x)),

∆13(x) = [q12(x)), q12(x) + q13(x)),

...

∆21(x) = [q1(x), q1(x) + q21(x)),

∆23(x) = [q1(x) + q21(x)), q1(x) + q21(x) + q23(x)),

...

We then define a function h: Rd × S×R+ → R by

h(x, k, r) =
∑

l∈S
(l − k)1∆kl(x)(r).
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To Set up an SDE

Consequently, we can describe the evolution of Λ using the following
stochastic differential equation

Λ(t) = Λ(0) +

∫ t

0

∫

R+

h(X(s−),Λ(s−), r)N1(ds,dr), (3)

where N1 is a Poisson random measure on [0,∞) × [0,∞) with
characteristic measure m(dz), the Lebesgue measure.

Let us give the infinitesimal generator A of the regime-switching
jump diffusion (X,Λ)

Af(x, k) := Lkf(x, k) +Q(x)f(x, k). (4)
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Infinitesimal Generator

Here,

Lkf(x, k) :=
1

2
tr
(
a(x, k)∇2f(x, k)

)
+ 〈b(x, k),∇f(x, k)〉

+

∫

U

(
f(x+ c(x, k, u), k) − f(x, k)− 〈∇f(x, k), c(x, k, u)〉

)
ν(du),

Q(x)f(x, k) :=
∑

j∈S
qkj(x)[f(x, j) − f(x, k)]

=

∫

[0,∞)
[f(x, k + h(x, k, z)) − f(x, k)]m(dz).

For the existence and uniqueness of the strong Markov process (X,Λ)
satisfying system (1) and (3), we make the following (non-Lipschitz)
assumptions.
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Assumptions

Assumption 1

There exists a nondecreasing function ζ : [0,∞) 7→ [1,∞) that is
continuously differentiable and that satisfies

∫ ∞

0

dr

rζ(r) + 1
= ∞,

such that for all x ∈ R
d and k ∈ S,

2
〈
x, b(x, k)

〉
+ |σ(x, k)|2 +

∫

U
|c(x, k, u)|2ν(du) ≤ H[|x|2ζ(|x|2) + 1],

(5)

qk(x) := −qkk(x) =
∑

l∈S\{k}
qkl(x) ≤ Hk, (6)
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Assumptions

Assumption 1 (cont)

∑

l∈S\{k}
qkl(x)(f(l)− f(k)) ≤ H(1 + Φ(x) + f(k)),

where H is a positive constant,

Φ(x) := exp

{∫ |x|2

0

dr

rζ(r) + 1

}
, x ∈ R

d,

and the function f : S 7→ R+ is nondecreasing satisfying f(m) → ∞ as
m → ∞. In addition, assume there exists some δ ∈ (0, 1] such that

∑

l∈S\{k}
|qkl(x)− qkl(y)| ≤ H|x− y|δ

for all k ∈ S and x, y ∈ R
d.
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Assumptions (cont)

Assumption 2

If d = 1, then there exist a positive number δ0 and a nondecreasing and
concave function ̺ : [0,∞) 7→ [0,∞) satisfying

∫

0+

dr

ρ(r)
= ∞

such that for all k ∈ S, R > 0, and x, z ∈ R with |x| ∨ |z| ≤ R and
|x− z| ≤ δ0,

sgn(x− z)(b(x, k) − b(z, k)) ≤ κR̺(|x− z|), (7)

|σ(x, k) − σ(z, k)|2 +

∫

U
|c(x, k, u) − c(z, k, u)|2ν(du) ≤ κR|x− z|, (8)

where κR is a positive constant.
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Assumptions (cont)

Assumption 2 (cont)
If d ≥ 2, there exist a positive number δ0, and a nondecreasing and
concave function ̺ : [0,∞) 7→ [0,∞) satisfying

0 < ̺(r) ≤ (1 + r)2̺(r/(1 + r)) for all r > 0, and

∫

0+

dr

̺(r)
= ∞ (9)

such that for all k ∈ S, R > 0, and x, z ∈ R
d with |x| ∨ |z| ≤ R and

|x− z| ≤ δ0,

2
〈
x− z, b(x, k) − b(z, k)

〉
+ |σ(x, k) − σ(z, k)|2

+

∫

U
|c(x, k, u) − c(z, k, u)|2ν(du) ≤ κR̺(|x− z|2),

where κR is a positive constant. In addition, for each k ∈ S, the function c
satisfies that

the function x 7→ x+ c(x, k, u) is nondecreasing for all u ∈ U. (10)
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Strong Solution: A Lemma

Lemma 3

Suppose Assumption 2 and (5) hold. Then for each k ∈ S, the stochastic

differential equation

X(t) = x+

∫ t

0
b(X(s), k)ds+

∫ t

0
σ(X(s), k)dW (s)

+

∫ t

0

∫

U
c(X(s−), k, u)Ñ (ds,du)

(11)

has a unique non-explosive strong solution.

Sketch of Proof: When d ≥ 2, the desired result follows from Theorem
2.8 of Xi and Zhu (2019). When d = 1, following the arguments in the
proofs of Theorems 3.2 and 5.1 of Li and Pu (2012), we can also obtain
the desired results.
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Strong Solution: Existence and Uniqueness

Theorem 4

Under Assumptions 1 and 2, for any (x, k) ∈ R
d × S, the system given by

(1) and (3) has a unique non-explosive strong solution (X,Λ) with
initial condition (X(0),Λ(0)) = (x, k).
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Sketch of Proof of Theorem 4

Let (Ω,F , {Ft}t≥0, P) be a complete filtered probability space, on which
are defined a d-dimensional standard Brownian motion B, and a Poisson
random measure N(·, ·) on [0,∞) × U with a σ-finite characteristic
measure ν on U .
In addition, let {ξn} be a sequence of independent exponential
random variables with mean 1 on (Ω,F , {Ft}t≥0, P) that is
independent of B and N .
Let k ∈ S and consider the stochastic differential equation

X(k)(t) = x+

∫ t

0
b(X(k)(s), k)ds+

∫ t

0
σ(X(k)(s), k)dW (s)

+

∫ t

0

∫

U
c(X(k)(s−), k, u)Ñ (ds,du).

(12)

Lemma 3 guarantees that SDE (12) has a unique non-explosive
strong solution X(k).
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Sketch of Proof of Theorem 4 (cont)

We define

τ1 = θ1 := inf

{
t ≥ 0 :

∫ t

0
qk(X

(k)(s))ds > ξ1

}
.

Thanks to (6), we have P(τ1 > 0) = 1. We define a process (X,Λ) on
[0, τ1] as

X(t) = X(k)(t) for all t ∈ [0, τ1], and Λ(t) = k for all t ∈ [0, τ1).

Also, we define Λ(τ1) ∈ S according to the probability distribution

P{Λ(τ1) = l|Fτ1−}=
qkl(X(τ1−))

qk(X(τ1−))
(1−δkl)1{qk(X(τ1−))>0}+δkl1{qk(X(τ1−))=0},

for l ∈ S. Furthermore, continuing this procedure inductively.
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Sketch of Proof of Theorem 4 (cont)

This “interlacing procedure” uniquely determines a solution
(X,Λ) ∈ R

d × S to (1) and (3) for all t ∈ [0, τ∞), where τ∞ = limn→∞ τn.

After some careful analysis, we can prove that P(τ∞ = ∞) = 1 and
that that the solution (X,Λ) has no finite explosion time a.s.
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An Example

Example 5

Let us consider the following SDE

dX(t) = b(X(t),Λ(t))dt + σ(X(t),Λ(t))dW (t)

+

∫

U
c(X(t−),Λ(t−), u)Ñ (dt,du), X(0) = x ∈ R

3,
(13)

where W is a 3-dimensional standard Brownian motion, Ñ(dt,du) is a
compensated Poisson random measure with compensator dt ν(du) on
[0,∞)× U , in which U = {u ∈ R

3 : 0 < |u| < 1} and ν(du) := du
|u|3+α for

some α ∈ (0, 2).
The Λ component in (13) takes value in S = {1, 2, . . . } and is generated

by Q(x) = (qkl(x)), with qkl(x) =
k
2l
· |x|2
1+|x|2 for x ∈ R

3 and k 6= l ∈ S.

Let qk(x) = −qkk(x) =
∑

l 6=k qkl(x).
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An Example (cont)

Example 5 (cont)
The coefficients of (13) are given by

b(x, k) =



−x

1/3
1 − kx31

−x
1/3
2 − kx32

−x
1/3
3 − kx33


, c(x, k, u) = c(x, u) =



γx

2/3
1 |u|

γx
2/3
2 |u|

γx
2/3
3 |u|


,

and

σ(x, k) =




x
2/3
1√
2
+ 1

√
k x2

2
3

√
k x2

3
3√

k x2
1

3
x
2/3
2√
2
+ 1

√
k x2

3
3√

k x2
1

3

√
k x2

2
3

x
2/3
3√
2
+ 1


,

in which γ is a positive constant so that γ2
∫
U |u|2ν(du) = 1

2 .
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An Example (cont)

Example 5 (cont)
Note that σ and b grow very fast in the neighborhood of ∞ and they are
Hölder continuous with orders 2

3 and 1
3 , respectively. Nevertheless, the

coefficients of (13) still satisfy Assumptions 1 and 2 and hence a unique
non-exploding strong solution of (13) exists.
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Feller Property

Obviously, to establish the Feller property, we only need the
distributional properties of the process (X,Λ). In lieu of the strong
formulation above, we now assume the following “weak formulation”.

Assumption 6

For any initial data (x, k) ∈ R
d × S, the system of stochastic differential

equations (1) and (3) has a non-exploding weak solution (X(x,k),Λ(x,k))
and the solution is unique in the sense of probability law.
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Feller Property (cont)

Assumption 7

There exist a positive constant δ0 and an increasing and concave
function ̺ : [0,∞) 7→ [0,∞) satisfying (9) such that for all R > 0, there
exists a constant κR > 0 such that

∑

l∈S\{k}
|qkl(x)− qkl(z)| ≤ κR̺(F (|x− z|)) for all k ∈ S and |x|∨|z| ≤ R,

where F (r) := r
1+r for r ≥ 0, and either (i) or (ii) below holds:
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Feller Property (cont)

Assumption 7 (cont)
(i)d = 1. Then (7) and (10) hold.
(ii) d ≥ 2. Then

∫

U

[
|c(x, k, u) − c(z, k, u)|2 ∧ (4|x− z| · |c(x, k, u) − c(z, k, u)|)

]
ν(du)

+2
〈
x− z, b(x, k) − b(z, k)

〉
+ |σ(x, k) − σ(z, k)|2 ≤ 2κR|x− z|̺(|x − z|),

for all k ∈ S, x, z ∈ R
d with |x| ∨ |z| ≤ R and |x− z| ≤ δ0.
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Feller Property (cont)

Theorem 8

Under Assumptions 6 and 7, the process (X,Λ) possesses the Feller
property.

We use the coupling method to prove Theorem 8. To this end, let us
first construct a coupling operator Ã for A.

For f(x, i, z, j) ∈ C2
c (R

d × S× R
d × S), we define

Ãf(x, i, z, j) :=
[
Ω̃d + Ω̃j + Ω̃s

]
f(x, i, z, j),

where Ω̃d, Ω̃j, and Ω̃s are defined as follows.
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Sketch of Proof of Theorem 8

For x, z ∈ R
d and i, j ∈ S, we set a(x, i) = σ(x, i)σ(x, i)′ and

a(x, i, z, j) =

(
a(x, i) σ(x, i)σ(z, j)′

σ(z, j)σ(x, i)′ a(z, j)

)
, b(x, i, z, j) =

(
b(x, i)
b(z, j)

)
.

Then we define

Ω̃df(x, i, z, j) :=
1

2
tr
(
a(x, i, z, j)D2f(x, i, z, j)

)
+ 〈b(x, i, z, j),Df(x, i, z, j)〉

Ω̃jf(x, i, z, j) :=

∫

U

[
f(x+ c(x, i, u), i, z + c(z, j, u), j) − f(x, i, z, j)

− 〈Dxf(x, i, z, j), c(x, i, u)〉 − 〈Dzf(x, i, z, j), c(z, j, u)〉
]
ν(du),
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Sketch of Proof of Theorem 8 (cont)

where Df(x, i, z, j) = (Dxf(x, i, z, j),Dzf(x, i, z, j))
′ is the gradient and

D2f(x, i, z, j) the Hessian matrix of f with respect to the x, z variables,
and

Ω̃sf(x, i, z, j) :=
∑

l∈S
[qil(x)− qjl(z)]

+(f(x, l, z, j) − f(x, i, z, j))

+
∑

l∈S
[qjl(z)− qil(x)]

+(f(x, i, z, l) − f(x, i, z, j))

+
∑

l∈S
[qil(x) ∧ qjl(z)](f(x, l, z, l) − f(x, i, z, j)).
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Sketch of Proof of Theorem 8 (cont)

After some careful estimation, we can prove that the Wasserstein
distance

Wf (P (t, x, k, ·), P (t, z, k, ·)) ≤ E[f(X̃(t), Λ̃(t), Z̃(t), Ξ̃(t))] → 0 as x → z,

where f is a bounded metric on R
d × S defined by

f(x, k, z, l) := F (|x− z|) + 1{k 6=l}.
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Strong Feller Property

Assumption 9

For each k ∈ S and x ∈ R
d, SDE (12) has a unique non-exploding weak

solution X(k) with initial condition x.

Assumption 10

The process X(k) is strong Feller.

Under some non-Lipschitz conditions, we indeed have proven that the
process X(k) of (12) is strong Feller continuous in Xi and Zhu (2019) by
the coupling methods.

Assumption 11

Assume H := sup{qk(x) : x ∈ R
d, k ∈ S} < ∞, and for a κ > 0

0 ≤ qkl(x) ≤ κl3−l for all x ∈ R
d and k 6= l ∈ S.
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The killed processes and their Strong Feller Property

For each (x, k) ∈ R
d × S, we kill the process X(k) at rate (−qkk):

Ek[f(X̃
(k)
x (t))] = Ek

[
f(X(k)

x (t)) exp

{∫ t

0
qkk(X

(k)
x (s))ds

}]

= E
(x,k)[t < τ ; f(X(k)(t))], f ∈ Bb(R

d),

to get a subprocess X̃(k), where τ := inf{t ≥ 0 : Λ(t) 6= Λ(0)}.

Lemma 12

Under Assumptions 9, 10, and 11, for each k ∈ S, the killed process
X̃(k) has strong Feller property.

For each k ∈ S, let {G̃
(k)
α , α > 0} be the resolvent for the generator

Lk + qkk. Denote by {Gα, α > 0} the resolvent for the generator A
defined in (4).
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An Identity of Resolvents

Let G̃α and Q0(x) denote



G̃
(1)
α 0 0 . . .

0 G̃
(2)
α 0 . . .

0 0 G̃
(3)
α . . .

...
...

...
. . .




and Q(x)−




q11(x) 0 0 . . .
0 q22(x) 0 . . .
0 0 q33(x) . . .
...

...
...

. . .


 ,

respectively.

Lemma 13

Suppose that Assumptions 9, 10, and 11 hold. Then there exists a

constant α1 > 0 such that for any α ≥ α1 and any f(·) ∈ Bb(R
d × S),

Gαf = G̃αf +

∞∑

m=1

G̃α

(
Q0G̃α

)m
f.
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Strong Feller Property of (X,Λ)

Theorem 14

Suppose that Assumptions 6, 9, 10, and 11 hold. Then the process
(X,Λ) has the strong Feller property.

Sketch of Proof:

P (t, (z, k), A × {l}) = δklP̃
(k)(t, x,A)

+

+∞∑

m=1

∫
· · ·

∫

0<t1<t2<···<tm<t
∑

l0,l1,l2,··· ,lm∈S

li 6=li+1,l0=k,lm=l

∫

R2d

· · ·

∫

R2d

P̃ (l0)(t1, z, dy1)ql0l1(y1)

×P̃ (l1)(t2 − t1, y1, dy2) · · · qlm−1lm(ym)

×P̃ (lm)(t− tm, ym, A)dt1dt2 · · · dtm.

Each P̃ (k)(t, z, A) is strong Feller by Lemma 12.
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Two Remarks

Remark 15

Shao (2015) proves that for a state-independent regime-switching
diffusion processes, the strong Feller property for each subdiffusion
implies the strong Feller property for regime-switching diffusion
processes. This work further proves this implication for
state-dependent regime-switching jump diffusion processes.

Remark 16

The strong Feller property for regime-switching jump diffusions was
also studied in Xi and Zhu (2017), where it is assumed that ν(U) < ∞
is a finite measure. In addition, a finite-range condition for the
switching component is placed in that paper and is key to the analyse
there. Here these two restrictions are removed.
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QED

Thank you very much!
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