Regime-Switching Jump Diffusions with Non-Lipschitz

Coefficients and Countably Many Switching States

Fubao Xi
Beijing Institute of Technology
xifb@bit.edu.cn

(Joint work with George Yin and Chao Zhu)

The 15th Workshop on Markov Processes and Related Topics
July 11-15, 2019
Jilin University, Changchun, China

Fubao Xi (BIT) Regime-Switching Jump Diffusions July 15, 2019



@ Introduction
© Strong Solution: Existence and Uniqueness
9 Feller Property

@ Strong Feller Property

Fubao Xi (BIT) Regime-Switching Jump Diffusions July 15, 2019 2 /35



What a Switching Diffusion Process Like?

A “Sample Path" of a switching diffusion process (X (¢), A(t)) can be illustrated
as follows:
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Regime-Switching Diffusions and Non-Lipschitz

Coefficients

In the past decade, much attention has been devoted to a class of hybrid
systems, namely, regime-switching diffusions.
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Regime-Switching Diffusions and Non-Lipschitz

Coefficients

In the past decade, much attention has been devoted to a class of hybrid
systems, namely, regime-switching diffusions.

A standing assumption is that the coefficients of the associated stochastic
differential equations are (locally) Lipschitz.

However, it is rather restrictive in many applications. For example, the
diffusion coefficients in the Feller branching diffusion and the
Cox-Ingersoll-Ross model are only Holder continuous.

Motivated by these considerations, there has been much efforts devoted to
the study of stochastic differential equations with non-Lipschitz
coefficients.
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Regime-Switching Diffusions and Non-Lipschitz

Coefficients (cont'd)

While there are many works on diffusions and jump diffusions with

non-Lipschitz coefficients, the related research on regime-switching
jump diffusions is relatively scarce.
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While there are many works on diffusions and jump diffusions with
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jump diffusions is relatively scarce.

This work aims to investigate regime-switching jump diffusion
processes with non-Lipschitz coefficients.
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Regime-Switching Diffusions and Non-Lipschitz

Coefficients (cont'd)

While there are many works on diffusions and jump diffusions with
non-Lipschitz coefficients, the related research on regime-switching
jump diffusions is relatively scarce.

This work aims to investigate regime-switching jump diffusion
processes with non-Lipschitz coefficients.

Our purpose is two-fold:

(i) to establish the strong existence and uniqueness result;

(ii) to derive sufficient conditions for Feller and strong Feller
properties.
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Regime-Switching Jump Diffusions

Let (X, A) be a right continuous, strong Markov process with left-hand
limits on RY x S, where S := {1,2,...}.
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Let (X, A) be a right continuous, strong Markov process with left-hand
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The first component X satisfies
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Regime-Switching Jump Diffusions

Let (X, A) be a right continuous, strong Markov process with left-hand
limits on RY x S, where S := {1,2,...}.
The first component X satisfies

dX(t) = b(X(t), A(t))dt+o (X (t), A(t))dW (t)

+/ (X (t=), A(t—),u)N (dt,du). )
U

The second component A is a continuous-time random process taking

values in the countably infinite set S such that

qri(x)A + o(A), if k #£1,

1+ ge(x)A+0o(4), ifk=1,
(2)

P{A(t+ A) = [|JA(t) = k, X (t) = 2} = {

uniformly in R?, provided A | 0.
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To define a Function

We first construct a family of disjoint intervals {A;;(x) : 4,5 € S} on the
positive half real line as follows

App(2) = [0, q12(2)),
Az(z) = [q12(2)), q12(x) + q13(x)),

AQl(x) = [Q1($)7q1(x) + QQl(m))v
Aoz(x) = [q1(%) + q21(x)), 1 (%) + q21(x) + ga3(x)),

We then define a function h: R x S x Ry — R by
h($7 k? r) = Z(l - k)]‘Akl($) (T)

les
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To Set up an SDE

Consequently, we can describe the evolution of A using the following
stochastic differential equation

A) = A0) + /O /R (X (s—),A(s—),r)Ni(ds,dr),  (3)

where Ny is a Poisson random measure on [0,00) x [0, 00) with
characteristic measure m(dz), the Lebesgue measure.
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To Set up an SDE

Consequently, we can describe the evolution of A using the following
stochastic differential equation

A) = A0) + /O /R (X (s—),A(s—),r)Ni(ds,dr),  (3)

where Ny is a Poisson random measure on [0,00) x [0, 00) with
characteristic measure m(dz), the Lebesgue measure.

Let us give the infinitesimal generator A of the regime-switching
jump diffusion (X, A)

Af (@, k) = Lif(x, k) + Q) f (x, k). (4)
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Infinitesimal Generator

Here,

Cof(a k) = %tr(a(m, KV £ (2. k) + (b(z, k), V £ (2, k)

+/ (f($+c(x, kyu), k) — f(x, k) — (Vf(z, k:),c(x,k,u)))y(du),
U
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Infinitesimal Generator

Here,

Lol (k) = gir{ala, )V, ) + (e k), V1 (2, )
+/ (f(x +c(x, kyu), k) — f(x, k) — (Vf(z, k:),c(x,k‘,u)))y(du),
U

Q2)f (k) = aj(@)[f (x,4) — f(w, k)

jes

_ /[0 [kt ha b 2)) = fla Blmidz).
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Infinitesimal Generator

Here,

Cof(a k) = %tr(a(m, KV £ (2. k) + (b(z, k), V £ (2, k)

+/ (f(x +c(x, kyu), k) — f(x, k) — (Vf(z, k:),c(x,k‘,u)))y(du),
U

Q2)f (k) = aj(@)[f (x,4) — f(w, k)

JES
— /[0 )[f(x, k+ h(z,k,2)) — f(z,k)m(dz).

For the existence and uniqueness of the strong Markov process (X, A)
satisfying system (1) and (3), we make the following (non-Lipschitz)
assumptions.
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Assumptions

There exists a nondecreasing function ¢ : [0,00) — [1,00) that is
continuously differentiable and that satisfies

/°° dr C
o ¢ +1
such that for all z € R? and k € S,

2(z, b(w, k)) + lo(z, k)* + /U le(z, k,u)Pv(dw) < Hllz*¢(j2l*) + 1],

k() == —qu(z) = Y qu(r) < HE, (6)
1ES\{k}
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Assumption 1 (cont)

D au@)(f() = f(k) < H(L+ (x) + f(k)),
1es\{k}
where H is a positive constant,

' || dr d
@(m).:exp{/o TC(T)—i—l}’ x € RY

and the function f : S — R, is nondecreasing satisfying f(m) — oo as
m — oo. In addition, assume there exists some § € (0, 1] such that

> gu(@) — auy)| < Hlz —yl°
1eS\{k}
for all k € S and z,y € R%.
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Assumptions (cont)

If d = 1, then there exist a positive number dy and a nondecreasing and
concave function g : [0,00) — [0, 00) satisfying

/ dr -
o+ p(r)
such that for all k € S, R > 0, and =,z € R with |z| V |z| < R and

|SE*Z| S(S()a

sgn(z — 2)(b(x, k) — b(z, k) < kro(|z - 2|), (7)
lo(z, k) — o(z,k)|? + /U lc(z, k,u) — c(z, k,u)*v(du) < kg|z — 2|, (8)

where kg is a positive constant.
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Assumptions (cont)

Assumption 2 (cont)
If d > 2, there exist a positive number &g, and a nondecreasing and
concave function g : [0, 00) — [0, 00) satisfying
0 < o(r) < (1+7)%0(r/(1+7)) for all > 0, and / dr oo (9)
o+ o(r)
such that for all k €S, R > 0, and z, z € R? with |z| V |2| < R and
’1‘ — Z’ < g,

2(x — z, b(x, k) — b(z, k) + |o(z, k) — o(z, E)|?
+ [ e o) = ol k) Putdu) < ol = =)

where kg is a positive constant. In addition, for each k € S, the function ¢
satisfies that

the function = — x + ¢(x, k,u) is nondecreasing for all u € U.  (10)
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Strong Solution: A Lemma

Suppose Assumption 2 and (5) hold. Then for each k € S, the stochastic
differential equation

X(t) :3:-1-/0 b(X(s),k:)ds-l-/o o(X(s),k)dW (s) "
-I-/O /UC(X(S—),k:,u)N(ds,du)

has a unique non-explosive strong solution.
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Suppose Assumption 2 and (5) hold. Then for each k € S, the stochastic
differential equation

X(t) :3:-1-/0 b(X(s),k:)ds-l-/o o(X(s),k)dW (s) "
-I-/O /UC(X(S—),k:,u)N(ds,du)

has a unique non-explosive strong solution.

Sketch of Proof: When d > 2, the desired result follows from Theorem
2.8 of Xi and Zhu (2019).
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Strong Solution: A Lemma

Suppose Assumption 2 and (5) hold. Then for each k € S, the stochastic
differential equation

X(t) :3:-1-/0 b(X(s),k:)ds-l-/o o(X(s),k)dW (s) "
-I—/O /UC(X(S—),k:,u)N(ds,du)

has a unique non-explosive strong solution.

Sketch of Proof: When d > 2, the desired result follows from Theorem
2.8 of Xi and Zhu (2019). When d = 1, following the arguments in the

proofs of Theorems 3.2 and 5.1 of Li and Pu (2012), we can also obtain
the desired results.
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Strong Solution: Existence and Uniqueness

Theorem 4

Under Assumptions 1 and 2, for any (z,k) € R? x S, the system given by

(1) and (3) has a unique non-explosive strong solution (X, A) with
initial condition (X (0),A(0)) = (z, k).
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Sketch of Proof of Theorem 4

Let (2, F,{Ft}t>0, P) be a complete filtered probability space, on which
are defined a d-dimensional standard Brownian motion B, and a Poisson

random measure N (-,-) on [0,00) x U with a o-finite characteristic
measure v on U.
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are defined a d-dimensional standard Brownian motion B, and a Poisson
random measure N (-,-) on [0,00) x U with a o-finite characteristic
measure v on U.

In addition, let {¢,} be a sequence of independent exponential
random variables with mean 1 on (Q, 7, {¥;};>0, P) that is
independent of B and .
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Sketch of Proof of Theorem 4

Let (2, F,{Ft}t>0, P) be a complete filtered probability space, on which
are defined a d-dimensional standard Brownian motion B, and a Poisson
random measure N (-,-) on [0,00) x U with a o-finite characteristic
measure v on U.

In addition, let {¢,} be a sequence of independent exponential
random variables with mean 1 on (Q, 7, {¥;};>0, P) that is
independent of B and .

Let k € S and consider the stochastic differential equation

X® )=z + /0 t b(X ™) (s), k)ds + /0 ta(X(k)(s),k:)dW(s)
. (12)

C (k) S— u N S,au ).

+ [ ] ex® s kN (s, du
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Sketch of Proof of Theorem 4

Let (2, F,{Ft}t>0, P) be a complete filtered probability space, on which
are defined a d-dimensional standard Brownian motion B, and a Poisson
random measure N (-,-) on [0,00) x U with a o-finite characteristic
measure v on U.

In addition, let {¢,} be a sequence of independent exponential
random variables with mean 1 on (Q, 7, {¥;};>0, P) that is
independent of B and .

Let k € S and consider the stochastic differential equation

X0 (1) :x+/t b(X®) (s), k:)ds+/t (X®) (s), k)W (s)
0

/ / k,u)N(ds,du).

Lemma 3 guarantees that SDE (12) has a unique non-explosive
strong solution X (%)

(12)
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Sketch of Proof of Theorem 4 (cont)

We define

71 = 6; :=inf {t >0: /t ar(X®) (5))ds > 51} .

0
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Sketch of Proof of Theorem 4 (cont)

We define

t
71 = 6; :=inf {t >0: / ar(X®)(s))ds > 51} .
0

Thanks to (6), we have P(7; > 0) = 1. We define a process (X, A) on

[07 7—1] as

X(t) = X®)(t) for all t € [0,71], and A(t) = k for all t € [0, 7).
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Sketch of Proof of Theorem 4 (cont)

We define

71 = 6; :=inf {t >0: /t ar(X®) (5))ds > 51} .
0

Thanks to (6), we have P(7; > 0) = 1. We define a process (X, A) on
[07 7—1] as

X(t)=X®(t) forall t € [0,71], and A(t) = k for all t € [0, 7).
Also, we define A(71) € S according to the probability distribution

g (X (11—))
P{A(m) = 1|Fr -} = m(1—5kl)1{qk<X<n7>)>0}+5kl1{qk(X(nf)>=0}v

forl €S.
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Sketch of Proof of Theorem 4 (cont)

We define

71 = 6; :=inf {t >0: /t ar(X®) (5))ds > 51} .
0

Thanks to (6), we have P(7; > 0) = 1. We define a process (X, A) on
[07 7—1] as

X(t)=X®(t) forall t € [0,71], and A(t) = k for all t € [0, 7).
Also, we define A(71) € S according to the probability distribution

g (X (11—))
P{A(m) = 1|Fr -} = m(1—5kl)1{qk<X<n7>)>0}+5kl1{qk(X(nf)>=0}v

for [ € S. Furthermore, continuing this procedure inductively.
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Sketch of Proof of Theorem 4 (cont)

This “interlacing procedure” uniquely determines a solution
(X,A) € RTx Sto (1) and (3) for all t € [0, 7o), Where Too = limy, o0 T
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Sketch of Proof of Theorem 4 (cont)

This “interlacing procedure” uniquely determines a solution
(X,A) € RTx Sto (1) and (3) for all t € [0, 7o), Where Too = limy, o0 T

After some careful analysis, we can prove that P(7,, = c0) = 1 and
that that the solution (X, A) has no finite explosion time a.s.
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An Example

Example 5

Let us consider the following SDE

AX(t) = b(X(t), A(t))dt + o (X (), A(t))dW (t)

+/ (X (t=), A(t—), w)N(dt,du), X(0) =z € R®, (13)
U

where W is a 3-dimensional standard Brownian motion, N (dt,du) is a
compensated Poisson random measure with compensator d¢ v(du) on
[0,00) x U, in which U = {u € R3: 0 < |u| < 1} and v(du) := ml% for
some « € (0,2).
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An Example

Example 5

Let us consider the following SDE

AX(t) = b(X(t), A(t))dt + o (X (), A(t))dW (t)

+/ (X (t=), A(t—), w)N(dt,du), X(0) =z € R®, (13)
U

where W is a 3-dimensional standard Brownian motion, N (dt,du) is a
compensated Poisson random measure with compensator d¢ v(du) on
[0,00) x U, in which U = {u € R3: 0 < |u| < 1} and v(du) := ml% for
some « € (0,2).

The A component in (13) takes value in S = {1,2,... } and is generated

T 2
by Q(z) = (qri(x)), with g (z) = % . 1L_||$|2 forz € R3 and k #1 € S.

Let qi(x) = —qi(z) = Zl;ék qri().
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An Example (cont)

Example 5 (cont)
The coefficients of (13) are given by

"~ hat 12y ul
b, k) = | —ay® —kad |, o hyu) = c(w,u) = | 122 ) |,
—$3/ fk:xg 7$3/ |ul
and 203 ) Va2 Va2
Vol 3 3
2/3
owk)=| FEA By @“3 :
3 3 f

in which ~ is a positive constant so that v* [;; [ul*v(du) =

N[
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An Example (cont)

Example 5 (cont)

Note that o and b grow very fast in the neighborhood of oo and they are
Holder continuous with orders % and % respectively. Nevertheless, the
coefficients of (13) still satisfy Assumptions 1 and 2 and hence a unique
non-exploding strong solution of (13) exists.
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Feller Property

Obviously, to establish the Feller property, we only need the
distributional properties of the process (X, A). In lieu of the strong
formulation above, we now assume the following “weak formulation”.

Fubao Xi (BIT)
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Feller Property

Obviously, to establish the Feller property, we only need the
distributional properties of the process (X, A). In lieu of the strong
formulation above, we now assume the following “weak formulation”.

Assumption 6

For any initial data (z,k) € R? x S, the system of stochastic differential
equations (1) and (3) has a non-exploding weak solution (X (*:F) A(:k))
and the solution is unique in the sense of probability law.
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Feller Property (cont)

Assumption 7

There exist a positive constant dg and an increasing and concave

function ¢ : [0,00) — [0, 00) satisfying (9) such that for all R > 0, there
exists a constant kg > 0 such that

> lau(@) — qu(2)| < kre(F(|lz — 2|)) for all k € S and |z|V|z| < R,
leS\{k}

where F(r) := = for r > 0, and either (i) or (ii) below holds:
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Feller Property (cont)

Assumption 7 (cont)
(i)d = 1. Then (7) and (10) hold.
(i) d>2. Then
/U[lc(x, k,u) — c(z, k,w)? A (dlz = 2| - |e(z, k,u) — o(z, k, u)])] v(du)
+2(x — z,b(z, k) — b(2,k)) + |o(z,k) — (2, k)|* < 2kg|z — z[o(|z — 2]),

for all k € S, 2,z € R? with |z| V|z] < R and |z — z| < &p.
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Feller Property (cont)

Theorem 8

Under Assumptions 6 and 7, the process (X, A) possesses the Feller
property.
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Feller Property (cont)

Theorem 8

Under Assumptions 6 and 7, the process (X, A) possesses the Feller
property.

We use the coupling method to prove Theorem 8. To this end, let us
first construct a coupling operator A for A.
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Feller Property (cont)

Theorem 8

Under Assumptions 6 and 7, the process (X, A) possesses the Feller
property.

We use the coupling method to prove Theorem 8. To this end, let us
first construct a coupling operator A for A.

For f(z,i,2,5) € C2(R? x S x R? x S), we define
Avf(x’iazaj) = [ﬁd + ﬁj + ﬁs]f(x,i,z,j),

where ﬁd, ﬁj, and ﬁs are defined as follows.
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Sketch of Proof of Theorem 8

For z,z € R? and i,j € S, we set a(z,i) = o(x,i)o(x,i)" and

a(x,z',z,j)z( al(z,i) J(m’i)a(.’z’j)/>, b(x,i,2,7) = <b<x’i.)).

o(z,j)o(z,i) a(z,j)

Then we define

~ 1
Qdf(xaivzvj) = §tr(a(x,z',z,j)DQf(x,i,z,j)) + <b($,’i,2,j),Df(£E,’L',Z,j)

Ouf (@i, 2, ) = / [F (@ + o, i, 0), 6,2 + (2, 4,u), §) — £ 2 )

U
- <Dxf(x7i7 z,j),c(x,i,u)) - <sz(.%',i, za.j)7c(z7j7 u)>] I/(du),
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Sketch of Proof of Theorem 8 (cont)

where Df(z,i,2,j) = (Dof(x,i,2,5), D, f(x,i,2,7)) is the gradient and
D?f(x,i,2,7) the Hessian matrix of f with respect to the z, z variables
and

ﬁsf(x,i,z,j) = Z[QZl(w) - le(z)]+(f($,l,z,j) - f(x,i,z,j))

les

+Z%l QZl ] (f(xviazal)*f(xviazaj))

leS

+un /\QJl ](f(x,l,z,l)—f(x,z',z,j)).

leS
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Sketch of Proof of Theorem 8 (cont)

After some careful estimation, we can prove that the Wasserstein
distance

Wi(P(t,x,k,), P(t,2,k, ) < E[f(X (1), A1), Z(t),

!

=E(t))] — 0 as z — z,

where f is a bounded metric on R? x S defined by

f(x,k,2,1) = F(lz — 2]) + Lz
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Strong Feller Property

Assumption 9

For each k € S and z € R?, SDE (12) has a unique non-exploding weak
solution X*) with initial condition .
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Strong Feller Property

For each k € S and z € R?, SDE (12) has a unique non-exploding weak
solution X*) with initial condition .

| \

Assumption 10

The process X *) is strong Feller.

A\
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Strong Feller Property

For each k € S and z € R?, SDE (12) has a unique non-exploding weak
solution X*) with initial condition .

Assumption 10

| \

The process X *) is strong Feller.

A\

Under some non-Lipschitz conditions, we indeed have proven that the
process X (¥) of (12) is strong Feller continuous in Xi and Zhu (2019) by
the coupling methods.
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Strong Feller Property

Assumption 9

For each k € S and z € R?, SDE (12) has a unique non-exploding weak
solution X*) with initial condition .

Assumption 10

| \

The process X *) is strong Feller.

A\

Under some non-Lipschitz conditions, we indeed have proven that the
process X (¥) of (12) is strong Feller continuous in Xi and Zhu (2019) by
the coupling methods.

Assumption 11

Assume H :=sup{qy(z) : # € R,k € S} < o0, and for a x > 0

0 < gu(z) < ki3  forall z € R and k #1 € S.
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The killed processes and their Strong Feller Property

For each (z,k) € R? x S, we kill the process X*) at rate (—qx):

T(0) (7)) — B 1y exnd [ o (XE ())ds
AL (RO (0] = B @) exp [ auu(x9 o)}

=E@PE <7 f(XP@)],  f € BRY,
to get a subprocess X (%), where 7 := inf{t > 0: A(t) # A(0)}.
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The killed processes and their Strong Feller Property

For each (z,k) € R? x S, we kill the process X*) at rate (—qx):

T(0) (7)) — B 1y exnd [ o (XE ())ds
AL (RO (0] = B @) exp [ auu(x9 o)}

=E@PE <7 f(XP@)],  f € BRY,
to get a subprocess X (%), where 7 := inf{t > 0: A(t) # A(0)}.

Under Assumptions 9, 10, and 11, for each k € S, the killed process
X () has strong Feller property.
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The killed processes and their Strong Feller Property

For each (z,k) € R? x S, we kill the process X*) at rate (—qx):

T(0) (7)) — B 1y exnd [ o (XE ())ds
AL (RO (0] = B @) exp [ auu(x9 o)}

=E@PE <7 f(XP@)],  f € BRY,
to get a subprocess X (%), where 7 := inf{t > 0: A(t) # A(0)}.

Under Assumptions 9, 10, and 11, for each k € S, the killed process
X () has strong Feller property.

For each k € S, let {é((f),a > 0} be the resolvent for the generator
Lk + qxk- Denote by {G,,a > 0} the resolvent for the generator A
defined in (4).
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An Identity of Resolvents

Let G and Q°(x) denote
é((xl) ~(()2) 0 e q11($) 0 0
0 Ga 0o ... q22(x) 0
o o g» .| Q@ o 0 gg(x) ... |

respectively.
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An Identity of Resolvents

Let G and Q°(x) denote
CNJ((Xl) ~?2) 0o ... qu1() 0 0
0o GY o .. qo2()
o o G» . | ™e@l 0 0 gu@ .|

respectively.

Suppose that Assumptions 9, 10, and 11 hold. Then there exists a
constant o > 0 such that for any o > «a and any f(-) € By(R? x S),

Gof = Gof + Z éa(Qoéa)mf.
m=1
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Strong Feller Property of (X, A)

Theorem 14

Suppose that Assumptions 6, 9, 10, and 11 hold. Then the process
(X, A) has the strong Feller property.
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Strong Feller Property of (X, A)

Theorem 14

Suppose that Assumptions 6, 9, 10, and 11 hold. Then the process
(X, A) has the strong Feller property.

Sketch of Proof:
P(t, (z k), A x {1}) = 6, PP (t, 2, A)

*Z / /
0<ty <to<---<tm<t
10,015 12 S ImeS

/ PYO (2, dy1 ) qior, (1)
RQd R2d
Ll 1 do =k dm=1

Xﬁgl)(tZ - t17 Y1, dyZ) iyl (ym)
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Strong Feller Property of (X, A)

Theorem 14

Suppose that Assumptions 6, 9, 10, and 11 hold. Then the process
(X, A) has the strong Feller property.

Sketch of Proof:
P(t, (z k), A x {1}) = 6, PP (t, 2, A)

*Z / /
0<ty <to<---<tm<t
10,015 12 S ImeS

/ PYO (2, dy1 ) qior, (1)
RQd R2d
Ll 1 do =k dm=1

Xﬁgl)(tZ - t17 Y1, dyZ) iyl (ym)

Each P®) (¢, z, A) is strong Feller by Lemma 12.
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Shao (2015) proves that for a state-independent regime-switching
diffusion processes, the strong Feller property for each subdiffusion
implies the strong Feller property for regime-switching diffusion
processes. This work further proves this implication for
state-dependent regime-switching jump diffusion processes.
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Remark 15

Shao (2015) proves that for a state-independent regime-switching
diffusion processes, the strong Feller property for each subdiffusion
implies the strong Feller property for regime-switching diffusion
processes. This work further proves this implication for
state-dependent regime-switching jump diffusion processes.

| A

Remark 16

The strong Feller property for regime-switching jump diffusions was
also studied in Xi and Zhu (2017), where it is assumed that v(U) < co
is a finite measure. In addition, a finite-range condition for the
switching component is placed in that paper and is key to the analyse
there. Here these two restrictions are removed.
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Thank you very much!
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